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CN ; Abstract 

■ In this paper we study general rotational surfaces in the 4- dimensional 

pL| . Euclidean space E"^ and give a characterization of flat general rotation 

^Sj I surface with pointwise 1-type Gauss map. Also, we show that a non- 

planar flat general rotation surface with pointwise 1-type Gauss map is a 
Lie group if and only if it is a Clifford torus. 
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^ . 1 Introduction 

O ' A submanifold M of a Euclidean space E"* is said to be of finite type if its position 

vector X can be expressed as a finite sum of eigenvectors of the Laplacian A of 
^ . M, that is, X = Xq + Xi + ...Xk, where Xq is a constant map, Xi, ...,Xk are non- 

(3 ! constant maps such that Axi = XiXi, Aj G M, i = 1, 2, k. If Ai, A2,...,Afc are all 

I different, then M is said to be of A;— type. This definition was similarly extended 

to differentiable maps, in particular, to Gauss maps of submanifolds [6]. 

If a submanifold M of a Euclidean space or pseudo-Euclidean space has 1- 
^ . type Gauss map G, then G satisfies AG = X{G + C) for some A G M and 

, some constant vector C. Chen and Piccinni made a general study on compact 

submanifolds of Euclidean spaces with finite type Gauss map and they proved 
that a compact hypersurface M of E"+^ has 1-type Gauss map if and only if M 
is a hypersphere in E""*"^ [6] . 

Hovewer the Laplacian of the Gauss map of some typical well known surfaces 
such as a helicoid, a catenoid and a right cone in Euclidean 3-space E^ take a 
somewhat different form, namely, 

AG = fiG + C) (1) 

for some smooth function f on M and some constant vector G. A submanifold M 
of a Euclidean space E"^ is said to have pointwise 1-type Gauss map if its Gauss 
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map satisfies (1) for some smooth function f on M and some constant vector C. 
A submanifold with pointwise 1-type Gauss map is said to be of the first kind if 
the vector C in (1) is zero vector. Otherwise, the pointwise 1-type Gauss map is 
said to be of the second kind. 

Surfaces in Euchdean space and in pseudo-Euchdean space with pointwise 
1-type Gauss map were recently studied in [7], [8], [10], [11], [12], [13], [H]. Also 
Dursun and Turgay in [9] gave all general rotational surfaces in with proper 
pointwise 1-type Gauss map of the first kind and classified minimal rotational 
surfaces with proper pointwise 1-type Gauss map of the second kind. Arslan et 
al. in f2] investigated rotational embedded surface with pointwise 1-type Gauss 
map. Arslan at el. in [3] gave necessary and sufficent conditions for Vranceanu 
rotation surface to have pointwise 1-type Gauss map. Yoon in [19] showed that 
flat Vranceanu rotation surface with pointwise 1-type Gauss map is a Clifford 
torus. 

In this paper, we study general rotational surfaces in the 4- dimensional Eu- 
clidean space and give a characterization of fiat general rotation with pointwise 
1-type Gauss map. Also, we show that a non-planar flat general rotation surface 
with pointwise 1-type Gauss map is a Lie group if and only if it is a Clifford 
torus. 



2 Preliminaries 

Let M be an oriented n— dimensional submanifold in m— dimensional Euclidean 
space E™. Let ei,...,e„, en+i,...,em be an oriented local orthonormal frame in E™ 
such that ei,...,e„ are tangent to M and e„+i,...,em normal to M. We use the 
following convention on the ranges of indices: 1 < k,...< n, n+1 < r, s, t,...< 
m, 1 < A,B,C,...< m. 

Let V be the Levi-Civita connection of E™ and V the induced connection 
on M. Let ua be the dual-1 form of defined by ua (e^) = Sab- Also, the 
connection forms uab are defined by 

dCA = ^ W^bCb, UJaB + ^BA = 0. 

b 

Then we have 

n m 

= (^'^) + ^'i^er (2) 

j=l r=n+l 

and 

m m 

Vll = -As{ek) + ^ Usr{ek)er., Dll= ^ Usr{ek)er, (3) 

r=n+l r=n+l 

where D is the normal connection, /i^^^ the coefficients of the second fundamental 
form h and Ag the Weingarten map in the direction e^. 



2 



For any real function f on M the Laplacian of / is defined by 



A/ = -X;(Ve,VeJ-Vv:./). (4) 

i 

If we define a covariant differention V/i of the second fundamental form h on 
the direct sum of the tangent bundle and the normal bundle TM © T-^M of M 
by 

(Vxh) (y, Z) = Dxh {Y, Z)-h {V xY, Z) - h {Y, V xZ) 

for any vector fields X, Y and Z tangent to M. Then we have the Codazzi 
equation 

{yxh){Y,Z)={vYh){X,Z) (5) 

and the Gauss equation is given by 

{R{X, Y)Z, W) = {h {X, W) , h {Y, Z)) - {h (X, Z) , h {Y, W)) , (6) 

where the vectors X, Y, Z and W arc tangent to M and R is the curvature tensor 
associated with V and the curvature tensor R is defined by 

RiX, Y)Z = VxVyZ - WyVxZ - Wix,Y]Z. 

Let us now define the Gauss map G of a submanifold M into G{n, m) in A"E™, 
where G{n, m) is the Grassmannian manifold consisting of all oriented n— planes 
through the origin of E"* and A"E"* is the vector space obtained by the exterior 
product of n vectors in E"*. In a natural way, we can identify A^E"* with some 

Euclidean space E^ where N = (^^^ . The map G : M ^ G{n, m) C 

defined by G{p) — (ei A ... A e„) (p) is called the Gauss map of M, that is, a 
smooth map which carries a point p in M into the oriented n— plane through the 
origin of E"^ obtained from parallel translation of the tangent space of M at p in 

Bicomplex number is defined by the basis where ij satisfy = 

— — — Thus any bicomplex number x can be expressed as a; = 

Xil + X2i+X3j +X4ij , \/xi,X2, X3, X4 G M. We denote the set of bicomplex numbers 
by C2. For any x = xil + X2i + x^j + x^ij and y = + + y^j + in C2 
the bicomplex number addition is defined by 

x + y^{xi + yi) + {x2 + y2)i + {xs + y^) j + (x4 + yi) ij. 

The multiplication of a bicomplex number x = xil + X2i + x^j + X4^ij by a real 
scalar A is given by 

Ax = Xxil + Xx2i + Xxsj + Xxiij. 
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With this addition and scalar multiphcation, C2 is a real vector space. 

Bicomplex number product, denoted by x, over the set of bicomplex numbers 
C2 is given by 



xxy = [xiyi - X2y2 - Xsys + X42/4) + {xiy2 + X2yi - x^y^ - x^y^) i 

+ {xiy^ + x^yi - X2?/4 - X4y2) j + {xiy^ + x^yi + X2?/3 + a:3y2) 

Vector space C2 together with the bicomplex product x is a real algebra. 

Since the bicomplex algebra is associative, it can be considered in terms of 
matrices. Consider the set of matrices 



Q 



( X\ 

X2 

\ 2:4 



-X2 -X3 
X\ — X4 

X3 X2 



X4 \ 
-X3 
-X2 

Xi ) 



Xi e 



1< i < 4 



The set Q together with matrix addition and scalar matrix multiplication is a 
real vector space. Furthermore, the vector space together with matrix product is 
an algebra [15]. 

The transformation 

9:C2^Q 



given by 



g {x = Xil + X2i + xsj + x^ij] 



( Xx -X2 -X3 Xi \ 

X2 X\ — 3^4 — X3 

X3 — X4 X\ — X2 

\ Xi X3 X2 Xi ) 



is one to one and onto. Morever Vx, y & C2 and A G M, we have 



g{x + y) 
g{Xx) 
9{xy) 



9{x)+g (y) 

Xg (x) 
9 (x) g (y) . 



Thus the algebras C2 and Q are isomorphic. 

Let X E C2. Then x can be expressed as x = {xi + X2i) + {x^ + x^i) j. In this 
case, there is three different conjugations for bicomplex numbers as follows: 



x'^ = 



[{xi + X2i) + (2:3 + a;4^)i]* 
[(xi + X2i) + (2:3 + x^i) j]*^ 
[(xi + X2i) + (X3 + X4^)i]*^ 



(xi - X2i) + (X3 - Xii) i 

(Xi + X2i) - (X3 + X4i) j 
(Xi - X2i) - (X3 - Xii)i 
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3 Flat Rotation Surfaces with Pointwise 1-Type 
Gauss Map in 

In this section, we consider the flat rotation surfaces with pointwise 1-type Gauss 
map in Euchdean 4- space. Let consider the equation of the general rotation 
surface given in [16j|. 



V9 (t, S) 



f COS mt — sin mt ^ \ / \ 

sinmt cosmt <y2{s) 

cosnt —sinnt 03(5) 

\ sinnt cosnt J \ 04(5) / 



where a (s) = (ai (s) , 02 (s) , 0:3 (s) , 0:4 (s)) is a regular smooth curve in E"^ on 
an open interval / in M and m, n are some real numbers which are the rates of 
the rotation in fixed planes of the rotation. If we choose the meridian curve a as 
a (s) = (x (s) , 0, y{s), 0) is unit speed curve and the rates of the rotation m and 
n as m = n = 1, we obtain the surface as follows: 



M : X {s,t) = {x (s) cos t, x (s) sin t, y{s) cos t, y{s) sin t) 



(7) 



Let M be a general rotation surface in given by (7). We consider the following 
orthonormal moving frame {ci, 62, 63, 64} on M such that Ci, 62 are tangent to M 
and 63, 64 are normal to M : 



ei 

62 

63 
64 

where ci 



-X (s) sin t, X (s) cos t, —y{s) sin t, y{s) cos t) 



{x' (s) cos t, x' (s) sin t, y'{s) cos t, y'{s) sin t) 
{—y'{s) cos t, —y'{s) sin t, x' (s) cos t, x' (s) sin t) 

-y{s) sin t, y{s) cos t, x (s) sin t, —x (s) cos t) 



^/xF{s)TyHs) 
, ^ =-§7 and 62 = -i-- Then we have the dual 1-forms as: 



Ui = a/ (s) + y'^{s)dt and 



UJ2 



ds 



By a direct computation we have components of the second fundamental form 
and the connection forms as: 



= b{s), h 



3 

12 



0, hi. 



h'li = 0, /i^2 = ~K^)^ 



c[s). 
= 0, 



0012 = -a{s)uji, UJ13 = b{s)ui, uu = -b{s)u2 
(^23 = c{s)u2, U2A = -h{s)ui, W34 = -a{s)uJi. 
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By covariant differentiation with respect to ei and 62 a straightforward calculation 
gives: 

VeiCi = -0(5)62 + 6(5)63, (8) 

VeaCl = -6(5)64, 

Veie2 = 0(5)61 - 6(5)64, 

Ve2e2 = c(s)e3, 

Veies = -6(5)61-0(5)64, 

Ve263 = -6(5)62, 

Vei64 = 6(5)62 + 0(5)63, 

Ve2e4 = 6(5)61, 



where 



_ x{s)x'{s) + y{s)y'{s) 



,/ N x{s)y'{s) - x\s)y{s) 

c(5) = x'(5)y"-xV(5). (11) 

The Gaussian curvature is obtained by 

K = det (4) + det (/if^.) = 6(5)0(5) - 6^(5). (12) 

If the surface M is flat, from (12) we get 

6(5)0(5) -6^(5) =0. (13) 

Furthermore, by using the equations of Gauss and Codazzi after some computa- 
tion we obtain 

o' (5) + 0^(5) = 6^(5) -6(5)6(5) (14) 

and 

6' (5) = -20(5)6(5) + 0(5)0(5), (15) 

respectively. 

By using (4) and (8) and straight-forward computation the Laplacian AG of 
the Gauss map G can be expressed as 

AG = (36^ (5) + 6^ (5)) (61 A 62) + (20(5)6(5) - 0(5)0(5) - 0' (5)) (61 A 63) 

+ (-30(5)6(5) - 6'(5)) (62 A 64) + (26^(5) - 26(5)0(5)) (63 A 64) . (16) 

Remark 1. Similar computations to above computations is given for tensor prod- 
uct surfaces in ^ and for general rotational surface in '^9] 
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Now we investigate the flat rotation surface with the pointwise 1-type Gauss 
map. From (13), wc obtain that b{s) = or b{s) = c{s). Wc assume that 
b{s) 7^ c(s). Then b{s) is equal to zero and (15) imphes that a(s)c(s) = 0. Since 
b{s) 7^ c(s), it imphes that c{s) is not equal to zero. Then we obtain as a{s) = 0. 
In that case, by using (9) and (10) we obtain that a (s) = {x {s) , 0, y{s), 0) is a 
constant vector. This is a contradiction. Therefore b{s) — c{s) for all s. Prom 
(14), we get 

a' (s) + (s) = (17) 
whose the trivial solution and non-trivial solution 

a{s) = 

and ^ 

s + c 

respectively. We assume that a{s) = 0. By (15) b = bo is a constant and so is c. 
In that case by using (9), (10) and (11), x and y satisfy the following differential 
equations 

(s) + y'^{s) = A is a non-zero constant, (18) 
x{s)y'{s) - x'{s)y{s) = bo\\ (19) 
x'{s)y"-x"y\s) = bo. (20) 

Prom (18) we may put 

x(s) = Acose(s) , t/(s) = Asin6'(s) , (21) 
where 9 (s) is some angle function. Differentiating (21) with respect to s, we have 
x'{s) = -e'{s)y {s) and y'{s) = e'{s)x {s) . (22) 
By substituting (21) and (22) into (19), we get 

9 (s) — boS + d, d — const. 
And since the curve a is a unit speed curve, we have 

blX' = 1. 

Then we can write components of the curve a as: 

X (s) — Xcos{bos + d) and y (s) — Xsm{bos + d) , blX"^ = 1. 

On the other hand, by using (16) we can rewrite the Laplacian of the Gauss map 
G with a{s) = and b = c = bo as follows: 

AG = 4bl (ei A 62) 
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that is, the flat surface M is pointwise 1-type Gauss map with the function 

/ = 46q and C — 0. Even if it is a pointwise 1-type Gauss map of the first kind. 
Now we assume that a{s) = Since 6(s) is equal to c(s), from (15) we get 

b'{s) = -a{s)b{s) 

or we can write 



s + c 
whose the solution 

b{s) — /xa(s), is a constant. 

By using (16) we can rewrite the Laplacian of the Gauss map G with c(s) = 
b{s) — fj,a{s) as: 

AG = {Af/a^ (s)) (ei A 62) + 2/ia^(s) (d A 63) - 2/ia^(s) (ea A 64) . (23) 

We suppose that the fiat rotational surface has pointwise 1-type Gauss map. 
From (1) and (22), we get 

4/.V(s) = / + /(C7,eiAe2) (24) 

2^a2(s) = /(C,ei Aea) (25) 

-2iia\s) = f{C,e2Ae^) (26) 

Then, we have 

(C,eiAe4) = 0, (C, 62 A 63)^0, (C, 63 A 64) = (27) 

By using (25) and (26) we obtain 

(C, ei A 63) + (C, 62 A 64) = (28) 

By differentiating the first equation in (27) with respect to ei and by using (8), 
the third equation in (27) and (28), we get 

2a{s) {C, ei A 63) + /ua(s) (C, a A 62) = (29) 

Combining (24), (25) and (29) we then have 

/ = 4 (a^ (s) + f,'a' (s)) (30) 

that is, a smooth function / depends only on s. By differentiating / with respect 
to s and by using the equality a' (s) — —c? (s), we get 

/' = -2a(.)/ (31) 
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By differentiating (25) with respect to s and by using (8), (24), the third equation 
in (27), (30), (31) and the equahty a' (s) = —a^ (s), we have 

Ha^ = 

Since a{s) ^ 0, it follows that = 0. Then we obtain that h — c — Then the 
surface M is a part of plane. 

Thus we can give the following theorem and corollary. 

Theorem 1. Let M he the flat rotation surface given by the parametrization 
(7). Then M has pointwise 1-type Gauss map if and only if M is either totally 
geodesic or parametrized by 

Y( i\ - ( A cos (60S + C?) cost, A cos (60S + (i) sin t, \ U2^2_■^ /ooN 

^^'^^ ~ 1^ Asin(6os + (i)cost,Asin(6os + (i)sint )' - ^ ^'^^) 

where bo, A and d are real constants. 

Corollary 1. Let M be flat rotation surface given by the parametrization (7). If 
M has pointwise 1-type Gauss map then the Gauss map G on M is of 1-type. 



4 The general rotation surface and Lie group 

In this section, we determine the profile curve of the general rotation surface 
which has a group structure with the bicomplex number product. 
Let the hyperquadric P be given by 

P = {x = (Xi, X2, X3, Xa) ^ 0; XiXi = X2X^} . 

We consider P as the set of bicomplex number 

P — {x — xil + X2i + xzj + Xiij ; xix^ — X2Xz, x 7^ 0} . 

The components of P are easily obtained by representing bicomplex number 
multiplication in matrix form. 



P^<M,^ 



( X\ —X2 — X3 Xi, \ 

X2 X\ —X4 —X3 

X3 —X4 Xi —X2 

\ X4, Xri X2 Xi J 



; XiXi — X2X3, X 7^ 



Theorem 2. The set of P together with the bicomplex number product is a Lie 
group 
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Proof. P is a differentiable manifold and at the same time a group with group 
operation given by matrix multiphcation. The group function 

.: P X P ^ P 

defined by (x, y) — )■ x.y is differentiable. So (F, .) can be made a Lie group so 
that (/ is a isomorphism p^. □ 

Remark 2. The surface M given by the parametrization (7) is a subset of P. 

Proposition 1. Let M be a rotation surface given by the parametrization (7). If 
x{s) and y{s) satisfy the following equations then M is a Lie subgroup of P. 

X (si) X (ss) - y (si) y (sa) = x{si + ss) (33) 

X (si) y (sa) + X (ss) y (si) = y (si + S2) (34) 
x (s) 



x^ (s) + y^ (s) 
x"^ (s) + y'^ (s) 



x{-s) (35) 
= y{-s) (36) 



Proof. Let a(s) = (a;(s), 0, ?/(s), 0) be a profile curve of the rotation surface 
given by the parametrization (7) such that x{s) and y{.s) satisfy the equations 
(33) , (34) , (35) and (36). In that case we obtain that the inverse of X {s,t) is 
X (— s, —t) and X (si, ti) x X (s2, ^2) = X {si + S2,ti + t2) . This completes the 
proof. □ 

Proposition 2. Let a{s) = {x{s),0,y{s),0) be a profile curve of the rotation sur- 
face given by the parametrization (7) such that x{s) and y{s) satisfy the equation 
x^ (s) (s) = A^, where X is a non-zero constant. If M is a subgroup of P then 
the profile curve a is a unit circle. 

Proof. We assume that x{s) and y{s) satisfy the equation x"^ (s) + y"^ (s) = A^. 
Then we can put 

a;(s) = A cos ^ (s) and y(s) = Asin^ (s) (37) 

where A is a real constant and 6 (s) is a smooth function. Since M is a group, 
there exists one and only inverse of all elements on M. In that case the inverse 
of X {s,t) is given by 



{s,t) 



x{s) I ,\ x{s) . I ,\ 

B)+y\s) COS \~^) ' x\s)+y\s) ^'^^ \~^) ' 

(s^+j/2(s) COS [-t] , -^2(s^+j^2(5) sin (-t) 
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where 



X (s) 



x"^ (s) + y"^ (s) 

By using (38), we get 
and 



= y (/ (s)) , / is a smooth function. (38) 
xis) = X'xifis)) (39) 



y{s) = -X%{f{s)) (40) 

By summing of the squares on both sides in (39) and (40) and by using (37), we 
obtain that = 1. This completes the proof. □ 

Proposition 3. Let a{s) = (x(s), 0, y(s), 0) be a profile curve of the rotation 
surface given by the parametrization (7) such that x{s) and y{s) is given by x{s) = 
A cos 6* (s) and y{s) = Asin6'(s). Then if X = 1 and 9 is a linear function then 
M is a Lie subgroup of P. 

Proof. We assume that A = 1 and 6* is a hnear function. Then we can write 

x{s) = cos-qs and y{s) = sin-qs 

and in that case x{s) and y{s) satisfy the equations (33) , (34) , (35) and (36) . 
Thus from Proposition (jj]) M is a subgroup of P. Also, it is a submanifold of 
P. □ 

Proposition 4. Let a{s) = (x(s), 0, y(s), 0) be a profile curve of the rotation 
surface given by the parametrization (7) such that x{s) and y{s) is given by x{s) = 
u{s)cos9{s) and y{s) = u{s)sm9{s). Then if u : (M, +) — )• (M+, .) is a group 
homomorphism and 9 is a linear function then M is a Lie subgroup of P. 

Proof. Let x{s) and y{s) be given by x{s) = u{s) cos 9 (s) and y{s) = u{s) sin 6* (s) 
and let u : (M, +) — )■ (M"*", .) be a group homomorphism and ^ be a linear function. 
In that case x{s) and y{s) satisfy the equations (33) , (34) , (35) and (36) . Thus 
from Proposition ([1]) M is a subgroup of P. Also, it is a submanifold of P. So it 
is a Lie subgroup of P. □ 

Corollary 2. Let a{s) = (x(s), 0, y{s), 0) be a profile curve of the rotation surface 
given by the parametrization (7) such that x{s) and y{s) is given by x{s) = 
A cos 6* (s) and y{s) = A sin 6* (s) for 9 linear function. If M is a Lie subgroup 
then A = 1 . 

Proof. We assume that M is a group and A 7^ 1. From Proposition ([1]) we obtain 
that A = — 1. On the other hand, for A = — 1 and 9 linear function the closure 
property is not satisfied on M. This is a contradiction. Then we obtain that 
A = 1. □ 
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Remark 3. Let M be a Vranceanu surface. If the surface M is flat then it is 
given by 

X (s, t) = (e*"'** cos s cos t, e^^ cos s sin t, e^'^ sin s cos t, e*^* sin s sin t) 

where k is a real constant. In that case we can say that flat Vranceanu surface is 
a Lie subgroup of P with bicomplex multiplication. Also, flat Vranceanu surface 
with pointwise 1-type Gauss map is Clifford torus and it is given by 

X (s, t) = (cos s cos t, COS s sin t, sin s cos t sin s sin t) 

and Clifford Torus is a Lie subgroup of P with bicomplex multiplication. See for 
more details 

Theorem 3. Let M be non-planar flat rotation surface with pointwise 1-type 
Gauss map given by the parametrization (32) with d = 2kn. Then M is a Lie 
group with bicomplex multiplication if and only if it is a Clifford torus. 

Proof. We assume that M is a Lie group with bicomplex multiplication then from 
Corollary (|2]) we get that A = 1. Since 6qA^ = 1, it follows that Bq = e, where 
5 = ±1. In that case the surface M is given by 

X {s,t) = (cos es cos t, cos es sin t, sin es cos t sin es sin t) 

and M is a Clifford torus, that is, the product of two plane circle wih the same 
radius. 

Conversely, Clifford torus is a flat rotational surface with pointwise 1-type 
Gauss map the surface which can be obtained by the parametrization (32) and 
it is a Lie group with bicomplex multiplication. This completes the proof. □ 
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